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1. Introduction
We consider the non-autonomous abstract Cauchy problem
x˙(t) = A(t)x(t), x(s) = xs ∈ D
(
A(s)
)
, t  s, t, s ∈ J , (1)
on a Banach space X , where J = R or J = R+ . We assume that the above Cauchy problem is well-posed, i.e. there exists an
exponentially bounded, strongly continuous evolution family {Φ(t, s)}ts (see Deﬁnition 1.1), such that
x(·) : t → Φ(t, s)xs, t  s,
is differentiable for any given initial conditions x(s) = xs ∈ D(A(s)), x(t) ∈ D(A(t)) and (1) holds.
Now let f be a locally integrable X-valued function on J and consider the inhomogeneous equation
x˙(t) = A(t)x(t) + f (t), t ∈ J . (2)
A function u(·) is called a mild solution of (2) if
u(t) = Φ(t, s)u(s) +
s∫
t
Φ(t, τ ) f (τ )dτ , t  s, t, s ∈ J . (3)
We recall now the deﬁnition of a uniform exponentially bounded, strongly continuous evolution family.
Deﬁnition 1.1. A family of bounded linear operators acting on a Banach space X denoted by Φ = {Φ(t, s)}ts0 is called a
uniform exponentially bounded, strongly continuous evolution family if the following properties hold:
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(ii) (t, s, x) → Φ(t, s)x is continuous for every t  s 0 and x ∈ X ;
(iii) Φ(t, s) = Φ(t, τ )Φ(τ , s), for all t  τ  s 0;
(iv) there exist two constants M,ω > 0 such that∥∥Φ(t, s)∥∥ Meω(t−s), for all t  s 0.
If {A(t)}t0 is a family of linear and bounded operators that belongs to M1 (i.e. supt0
∫ t+1
t ‖A(τ )‖dτ < ∞), then the
above Cauchy problem (1) is well-posed (and moreover Φ(t, s) is an invertible operator, for each t  s 0).
Some other cases when the problem (1) is well-posed, for certain unbounded operator family {A(t)}t0, were pointed
out by Chicone and Latushkin [12], Curtain and Prichard [13], Pazy [29], Levitan and Zhikov [21] or Tanabe [40].
The characterization of the uniform exponential dichotomy of (1) in terms of the solution of (3) has a fairly long history
and goes back to the work of O. Perron [30] in 1930. His result served as a starting point for many works on the qualitative
theory of the solutions of differential equations. Relevant results concerning the extension of Perron’s problem in the more
general framework of the inﬁnite-dimensional Banach spaces (but with A(t) bounded) were obtained by J.L. Daleckij and
M.G. Krein [14]. J.L. Massera and J.J. Schäffer [22]. For certain cases of unbounded A(t) we refer the reader to the work of
Levitan and Zhikov (see [21]).
More recently another approach uses frequently the so-called evolution semigroup T = {T (t)}t0 on some suitable space
of X-valued functions induced by the evolution family (see [12,18–20,35–38,41–43]). It is worth to note that most of the
results in this direction are restricted to the case where J = R. The case of the positive semiaxis has been considered in
[12] and [43].
Over the last decades it can be seen an increasing interest in the study of the asymptotic behavior of evolution equations
in abstract spaces. We refer the reader to [1,2,16,17,23–25,31–34,39]. Important contributions in the study of the existence
of an exponential dichotomy for evolution equations has been made and it is worth to note here few works by Nguyen
Thieu Huy (see [25–28]) and Luis Barreira and Claudia Valls (see [3–10]).
In 2010, L. Barreira and C. Valls, in [10], used appropriate adapted norms (which can be seen as Lyapunov norms), to
show an equivalence between the admissibility of their associated Lp spaces (p ∈ [1,∞]) and the nonuniform exponential
stability of certain evolution families. The result is extended by the same authors in 2011 to the case of nonuniform expo-
nential dichotomy where they also establish a collection of admissible Banach spaces for any given nonuniform exponential
contraction.
The study of evolution equations in the nonuniform setting has a strong motivation. Assume for instance that there exist
M > 0, ω < 0 and ε  0 such that∥∥Φ(t, s)∥∥ Meω(t−s)+εs, (4)
for every t, s 0, or more generally∥∥Φ(t, s)∥∥ M(s)eω(t−s), for every t, s 0,
for some function M . The constant ω is an upper bound for the largest Lyapunov exponent, while ε or the function M
measure the nonuniformity of the exponential behavior. It turns out that the classical notion of (uniform) exponential be-
havior is very stringent for the dynamics and it is of interest to look for more general types of hyperbolic behavior. These
generalizations can be much more typical. This is precisely what happens with the notion of the so-called nonuniform ex-
ponential contraction. With this regard, the results obtained by L. Barreira and C. Valls are also a contribution to the theory
of nonuniform hyperbolicity and an important tool in the study of the stochastic behavior. We refer the reader to [3] and
[4] for details and references.
Examples of differential equations that don’t posses a uniform exponential dichotomy but admit a nonuniform exponen-
tial dichotomy can be pretty easy to ﬁnd. We will recall below such an example.
Let ω > a > 0 and consider the differential equation in R2 given by
u′ = (−ω − at sin t)u′, v ′ = (ω + at sin t)v. (5)
For details we refer the reader to [7, Proposition 3, p. 222].
In this paper we extend the work done by L. Barreira and C. Valls [10] to the case of nonuniform exponential dichotomy
by using the admissibility of the pair (Lp(X), Lq(X)), with (p,q) 	= (1,∞).
2. Preliminaries
Let X be a Banach space and B(X) the Banach algebra of all linear and bounded operators acting on X (the norms on
both X and B(X) will be denoted by ‖·‖).
Deﬁnition 2.1. An evolution family {Φ(t, t0)}tt00 on R+ is a family of operators Φ(t, t0) ∈ B(X), t  t0  0 satisfying:
Φ(t, s)Φ(s, t0) = Φ(t, t0) and Φ(t, t) = I,
for all t  s t0, where I denotes the identity on X .
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M(t0)eω(t−t0) , for some function M :R+ → R+ and ω ∈ R and all t  t0  0, then {Φ(t, t0)}tt00 is (non)uniform exponen-
tially bounded.
Following L. Barreira and C. Valls (see [10]) we introduce the following Lyapunov norms:
‖x‖t = sup
τt
e−ω(τ−t)
∥∥Φ(τ , t)x∥∥, x ∈ X and t ∈ R+.
We can easily see that:
‖x‖ ‖x‖t  M(t)‖x‖, x ∈ X, t ∈ R+. (6)
Remark 2.1. If {Φ(t, t0)}tt00 is an evolution family, then∥∥Φ(t, t0)x∥∥t  eω(t−t0)‖x‖t0 ,
for every t  t0  0 and x ∈ X .
Proof. See [10, Proposition 1, p. 2893]. 
As usual, we denote by Lp (p  1) the space of equivalence classes of Lebesgue measurable functions f :R+ → R, such
that
∞∫
0
∣∣ f (t)∣∣p < ∞.
As known, Lp endowed with the norm
‖ f ‖p =
( ∞∫
0
∣∣ f (t)∣∣p
) 1
p
is a Banach space. We also set:
Lp(X) = { f :R+ → X Bochner measurable: t → ∥∥ f (t)∥∥t ∈ Lp}.
Remark 2.2. Lp(X) is a Banach space (p ∈ [1,∞]) with the norm
‖ f ‖′p = ‖g‖p, (7)
where g :R+ → R+ , g(t) = ‖ f (t)‖t and g ∈ Lp . Moreover, if a sequence is convergent in Lp(X) then it is a.e. pointwise
convergent.
Proof. See [10, Theorem 3, p. 2893]. 
We list below few technical results:
Lemma 2.1. Let f :R+ → R+ be a function with the property that there exist H, δ > 0 and η > 1 such that:
(i) f (t) H f (t0), for all t ∈ [t0, t0 + δ], t0  0;
(ii) f (t0 + δ) η f (t0), for all t0  0.
Then there exist N, ν > 0 such that
f (t) Neν(t−t0) f (t0), for all t  t0  0.
Proof. See [22, 20C, p. 39]. 
Lemma 2.2. Let f :R+ → R+ be a function with the property that there exist H, δ > 0 and η ∈ (0,1) such that:
(i) f (t) H f (t0), for all t ∈ [t0, t0 + δ], t0  0;
(ii) f (t0 + δ) η f (t0), for all t0  0.
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f (t) Ne−ν(t−t0) f (t0), for all t  t0  0.
Proof. It follows easily by using the same argument as in the previous lemma. 
We set now Xq1(t0) = {x ∈ X: Φ(·, t0)x ∈ Lq[t0,∞)(X)}. Throughout this paper, we will assume that X
q
1(t0) is closed and
that there exists a closed subspace Xq2(t0) such that X = Xq1(t0) ⊕ Xq2(t0), for all t0  0.
Also, we will denote by {Pq1(t0)}t00 and {Pq2(t0)}t00 the corresponding families of projectors, i.e. ImPq1(t0) = Xq1(t0),
ImPq2(t0) = Xq2(t0). It is known that Pqi (t0) ∈ B(X) and (Pqi (t0))2 = Pqi (t0), for each t0  0, i = 1,2.
We will also put X1(t0) for X∞1 (t0). As previously, we will assume that X1(t0) is closed and that there exists X2(t0) such
that X2(t0) = X  X1(t0). The associated families of projectors will be denoted by {P1(t0)}t00 and {P2(t0)}t00.
If X = X1 ⊕ X2, we denote by
γ [X1, X2] = inf
xi∈Xi−{0}
∥∥∥∥ x1‖x1‖ −
x2
‖x2‖
∥∥∥∥, i = 1,2.
Remark 2.3. By [22] we have that
1
‖Pi‖  γ [X1, X2]
2
‖Pi‖ , i = 1,2,
where P1 and P2 are the projectors associated to the decomposition X = X1 ⊕ X2.
Deﬁnition 2.2. Let {Φ(t, t0)}tt00 be a (non)uniform exponentially bounded, strongly continuous evolution family. We say
that {Φ(t, t0)}tt00 admits a (non)uniform exponential dichotomy if there exist N1,N2, ν > 0 such that:
• ‖Φ(t, t0)x‖t  N1e−ν(t−t0)‖x‖t0 , for all x ∈ X1(t0) and t  t0  0;• ‖Φ(t, t0)x‖t  N2eν(t−t0)‖x‖t0 , for all x ∈ X2(t0) and t  t0  0.
Remark 2.4. Let {Φ(t, t0)}tt00 be a (non)uniform exponentially bounded, strongly continuous evolution family. If{Φ(t, t0)}tt00 admits a (non)uniform exponential dichotomy then there exist constants N1,N2, ν > 0 such that:
• ‖Φ(t, t0)x‖ N1e−ν(t−t0)M(t0)‖x‖, for all x ∈ X1(t0) and t  t0  0;
• M(t)‖Φ(t, t0)x‖ N2eν(t−t0)‖x‖, for all x ∈ X2(t0) and t  t0  0.
Deﬁnition 2.3. Let {Φ(t, t0)}tt00 be a (non)uniform exponentially bounded, strongly continuous evolution family. We say
that {Φ(t, t0)}tt00 admits a uniform exponential dichotomy if there exist N1,N2, ν > 0 such that:
• ‖Φ(t, t0)x‖ N1e−ν(t−t0)‖x‖, for all x ∈ X1(t0) and t  t0  0;
• ‖Φ(t, t0)x‖ N2eν(t−t0)‖x‖, for all x ∈ X2(t0) and t  t0  0.
Remark 2.5. Let {Φ(t, t0)}tt00 be a uniform exponentially bounded (i.e. supt00 M(t0) < ∞), strongly continuous evo-
lution family. If {Φ(t, t0)}tt00 admits a nonuniform exponential dichotomy, then {Φ(t, t0)}tt00 also admits a uniform
exponential dichotomy.
3. Results
Throughout this section we assume that p,q ∈ [1,∞].
Deﬁnition 3.1. Let {Φ(t, t0)}tt00 be a (non)uniform exponentially bounded, strongly continuous evolution family. The pair
(Lp(X), Lq(X)) is said to be admissible to {Φ(t, t0)}tt00 if for each f ∈ Lp(X), there exists x ∈ X such that
x f (·) :R+ → X, x f (t) = Φ(t,0)x+
t∫
0
Φ(t, τ ) f (τ )dτ
belongs to Lq(X).
In what follows we only assume that Xq(0) is closed and that there exists Xq(0) such that X = X1(0) ⊕ X2(0).1 2
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Proof. Assume for a contradiction that there exists t0 > 0 such that Φ(t0,0)x = 0. Then
Φ(t,0)x = Φ(t, t0)Φ(t0,0)x = 0, for all t > t0.
It follows that x ∈ Xq1(0), but we assumed that x ∈ Xq2(0). Then we have that
x ∈ Xq1(0) ∩ Xq2(0) = {0},
and from here the contradiction. 
Proposition 3.1. Let {Φ(t, t0)}tt00 be a (non)uniform exponentially bounded, strongly continuous evolution family. If the pair
(Lp(X), Lq(X)) is admissible to {Φ(t, t0)}tt00 then for every f ∈ Lp(X) there is a unique x ∈ Xq2(0) such that
x f (·) :R+ → X, x f (t) = Φ(t,0)x+
t∫
0
Φ(t, τ ) f (τ )dτ
belongs to Lq(X).
Proof. Let f ∈ Lp(X). We have that there exists x ∈ X such that
x f (·) :R+ → X, x f (t) = Φ(t,0)x+
t∫
0
Φ(t, τ ) f (τ )dτ
belongs to Lq(X).
If we denote y(t) = Φ(t,0)Pq1(0)x, it implies that y(·) ∈ Lq(X) and also x f (t) − y(t) ∈ Lq(X), for all t  0.
Therefore
x f (t) − y(t) = z(t) = Φ(t,0)Pq2(0)x+
t∫
0
Φ(t, τ ) f (τ )dτ ,
which implies that z ∈ Lq(X) and z(0) = Pq2(0)x ∈ Xq2(0).
For the uniqueness part, we will suppose that there exist u, v ∈ Xq2(0) such that
x1 f (t) = Φ(t,0)u +
t∫
0
Φ(t, τ ) f (τ )dτ , x1 f (·) ∈ Lq(X)
and
x2 f (t) = Φ(t,0)v +
t∫
0
Φ(t, τ ) f (τ )dτ , x2 f (·) ∈ Lq(X).
Let w(t) = x1 f (t)− x2 f (t). It results that w ∈ Lq(X) and w(t) = Φ(t,0)w(0). So, w(0) ∈ Xq1(0). But w(0) = u− v ∈ Xq2(0),
therefore w(0) = 0.
Thus we have that w(t) = 0, for all t  0, and furthermore x1 f (t) = x2 f (t), for all t  0. 
Theorem 3.1. Let {Φ(t, t0)}tt00 be a (non)uniform exponentially bounded, strongly continuous evolution family. If the pair
(Lp(X), Lq(X)) is admissible to {Φ(t, t0)}tt00 then there is K > 0 such that
‖x f ‖′q  K‖ f ‖′t and
∥∥x f (0)∥∥ K‖ f ‖′p,
for all f ∈ Lp(X), with x f (0) ∈ Xq2(0).
Proof. Let U :Lp(X) → Xq2(0) ⊕ Lq(X), deﬁned by U f = (x f (0), x f (·)).
It is obvious that U is a linear operator. We will show that U is also closed. Let { fn}n∈N be a sequence with fn ∈ Lp(X),
f ∈ Lp(X), g ∈ Lq(X) such that
fn → f in Lp(X)
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Taking into account that∥∥∥∥∥
t∫
0
Φ(t, τ )
(
fn(τ ) − f (τ )
)
dτ
∥∥∥∥∥
t

t∫
0
∥∥Φ(t, τ )( fn(τ ) − f (τ ))∥∥t dτ 
t∫
0
eω(t−τ )
∥∥ fn(τ ) − f (τ )∥∥τ dτ
 eωt
t∫
0
∥∥ fn(τ ) − f (τ )∥∥τ dτ  eωtt1− 1p ‖ fn − f ‖p → 0,
for n → ∞ we obtain that:
t∫
0
Φ(t, τ ) fn(τ )dτ →
t∫
0
Φ(t, τ ) f (τ )dτ .
It results that
x fn (t) → Φ(t,0)y +
t∫
0
Φ(t, τ ) f (τ )dτ ,
for n → ∞, for all t  0.
Since x fn (·) → g , in Lq(X), we have that there exists a subsequence (x fnk ) ⊂ (x fn ) such that x fnk (·) → g a.e.
Therefore U f = (y, g) in Xq2(0) ⊕ Lq(X). Thus U is a closed linear operator and by the Closed Graph Theorem it is also
bounded. It follows that there exists K > 0 such that
‖U f ‖ K‖ f ‖′p,
which implies∥∥x f (0)∥∥ K‖ f ‖′p and ‖x f ‖q  K‖ f ‖′p,
for all f ∈ Lp(X). 
We will denote by x f the function from Lq(X) with x f (0) ∈ Xq2(0).
Lemma 3.1. Let {Φ(t, t0)}tt00 be a (non)uniform exponentially bounded, strongly continuous evolution family. If the pair
(Lp(X), Lq(X)) is admissible to {Φ(t, t0)}tt00 , then there exists L > 0 such that∥∥x f (t)∥∥t  eω(K L + 1)‖ f ‖′p, for all t  0.
Proof. Let t  1 and s ∈ [t − 1, t]. We have that
x f (t) = Φ(t,0)x+
t∫
0
Φ(t, τ ) f (τ )dτ = Φ(t, s)Φ(s,0)x +
s∫
0
Φ(t, s)Φ(s, τ ) f (τ )dτ +
t∫
s
Φ(t, τ ) f (τ )dτ
= Φ(t, s)x f (s) +
t∫
s
Φ(t, τ ) f (τ )dτ .
Furthermore, we have that
∥∥x f (t)∥∥t  eω
(∥∥x f (s)∥∥s +
t∫
s
∥∥ f (τ )∥∥
τ
dτ
)
 eω
(∥∥x f (s)∥∥s + ‖ f ‖′p),
for all s ∈ [t − 1, t].
By integrating the above inequality on the interval [t − 1, t] and by using Theorem 3.1 we get that:
‖x f ‖t  eω
( t∫ ∥∥x f (s)∥∥s ds + ‖ f ‖′p
)
 eω
(‖x f ‖q + ‖ f ‖′p) eω(K + 1)‖ f ‖′p.
t−1
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‖x f ‖t 
∥∥Φ(t,0)x∥∥t +
t∫
0
∥∥Φ(t, τ ) f (τ )∥∥t dτ  eω
(
‖x‖0 +
t∫
0
∥∥ f (τ )∥∥
τ
dτ
)
 eω
(
M(0)‖x‖ + ‖ f ‖′p
)
 eω
(
KM(0) + 1)‖ f ‖′p,
for all t ∈ [0,1).
Setting L = max{1,M(0)} > 0 we get that∥∥x f (t)∥∥t  eω(K L + 1)‖ f ‖′p,
for all t  0 and we complete the proof. 
Now we can state the main result of this paper:
Theorem 3.2. Let {Φ(t, t0)}tt00 be a (non)uniform exponentially bounded, strongly continuous evolution family. If the pair
(Lp(X), Lq(X)) is admissible to {Φ(t, t0)}tt00 , (p,q) 	= (1,∞) and Xq1(t0) = {x ∈ X: Φ(·, t0)x ∈ Lq(X)}, then:
• Xq1(t0) is a complemented subspace for all t0  0;
• Xq2(t0) = Φ(t0,0)Xq2(0) is a complement of Xq1(t0), for all t0  0;• Φ is exponentially dichotomic;
• Xq1(t0) = X1(t0), for all t0  0;
• the operator Φ(t, t0) : Xq2(t0) → Xq2(t) is invertible;
• the family of projectors {Pq1(t0)}t00 associated to the decomposition X = Xq1(t0) ⊕ Xq2(t0) has the following property:
t → ∥∥Pq1(t)∥∥t :R+ → R+ is bounded.
Proof. Let x ∈ Xq2(0) − {0} and
f (t) = ϕ[t0,t0+1](t)
Φ(t,0)x
‖Φ(t,0)x‖t ,
where ϕ[a,b] denotes the characteristic function (indicator) of some interval [a,b].
Since ‖ f (t)‖t = ϕ[t0,t0+1](t), for all t  0, it follows that f ∈ Lp(X) and ‖ f ‖′p = 1. We denote by
y(t) = −
∞∫
t
ϕ[t0,t0+1](τ )
dτ
‖Φ(τ ,0)x‖τ · Φ(t,0)x
= −
∞∫
0
ϕ[t0,t0+1](τ )
dτ
‖Φ(τ ,0)x‖τ · Φ(t,0)x+
t∫
0
ϕ[t0,t0+1](τ )
Φ(t, τ )Φ(τ ,0)x
‖Φ(τ ,0)x‖τ dτ
= Φ(t,0)
(
−
∞∫
0
ϕ[t0,t0+1](τ )
dτ
‖Φ(τ ,0)x‖τ · x
)
+
t∫
0
Φ(t, τ ) f (τ )dτ = 0,
for all t  t0 + 1. It results y ∈ Lq(X), y(0) ∈ Xq2(0) and furthermore y = x f .
By Lemma 3.1 we get that∥∥y(t)∥∥t  eω(K L + 1)‖ f ‖′p = eω(K L + 1),
for all t  0. Therefore
t0+1∫
t0
dτ
‖Φ(τ ,0)x‖τ ·
∥∥Φ(t,0)x∥∥t  eω(K L + 1), for all 0 t  t0.
Taking into account that for τ ∈ [t0, t0 + 1] we get that∥∥Φ(τ ,0)x∥∥ = ∥∥Φ(τ , t0)Φ(t0,0)x∥∥  eω∥∥Φ(t0,0)x∥∥ ,τ τ t0
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1
eω‖Φ(t0,0)x‖t0

t0+1∫
t0
dτ
‖Φ(τ ,0)x‖τ .
Therefore∥∥Φ(t,0)x∥∥t  e2ω(K L + 1)∥∥Φ(t0,0)x∥∥t0 , for all t  t0,
which implies that
∥∥Φ(t,0)x∥∥t  1e2ω(K L + 1)
∥∥Φ(t0,0)x∥∥t0 , for all t  t0  0. (8)
Let now δ > 0, t0  0, x ∈ Xq2(0) − {0}. Setting
g(t) = ϕ[t0,t0+δ](t)
Φ(t,0)x
‖Φ(t0 + δ,0)x‖t0+δ
,
it follows that ‖g(t)‖t  e2ω(K L + 1)ϕ[t0,t0+δ](t), which implies that g ∈ Lp(X) and ‖g‖′p  δ
1
p e2ω(K L + 1).
We set
z(t) = −
∞∫
t
ϕ[t0,t0+δ](τ )
dτ
‖Φ(t0 + δ,0)x‖t0+δ
· Φ(t,0)x
= Φ(t,0)
(
−
∞∫
0
ϕ[t0,t0+δ](τ )
dτ
‖Φ(t0 + δ,0)x‖t0+δ
x
)
+
t∫
0
Φ(t, τ ) f (τ )dτ
=
⎧⎪⎨
⎪⎩
0, t  t0 + δ,
−(t0 + δ − t) Φ(t,0)x‖Φ(t0+δ,0)x‖t0+δ , t ∈ [t0, t0 + δ),
−δ · Φ(t,0)x‖Φ(t0+δ,0)x‖t0+δ , t < t0.
It follows that z ∈ Lq(X) and z(0) ∈ Xq2(0). Using Lemma 3.1 we obtain that∥∥z(t)∥∥t  eω(K L + 1)‖g‖′p  e3ω(K L + 1)2δ 1p , for all t  0.
Thus, we get that∥∥z(t)∥∥t = δ · ‖Φ(t,0)x‖t‖Φ(t0 + δ,0)x‖t0+δ  e3ω(K L + 1)2δ
1
p , for all 0 t  t0.
Putting t = t0 in the above equality we obtain that
δ · ‖Φ(t,0)x‖t‖Φ(t + δ,0)x‖t+δ  e
3ω(K L + 1)2δ 1p , for all t  0.
We have now two cases:
1. If p > 1, it results that∥∥Φ(t + δ,0)x∥∥t+δ  1e3ω(K L + 1)2 · δ1−
1
p · ∥∥Φ(t,0)x∥∥t .
Taking into account that limδ→∞ 1e3ω(K L+1)2 δ
1− 1p = ∞, it follows that there exists δ0 > 0 such that∥∥Φ(t + δ0,0)x∥∥t+δ0  2∥∥Φ(t,0)x∥∥t, for all t  0.
Denoting u(t) = ‖Φ(t,0)x‖t , we obtain by the above inequality that u(t + δ0) 2u(t), for all t  0. Using now (1) we get
that u(s) Hu(t), for all s ∈ [t, t + δ0] with H = 1e2ω(K L+1) .
By Lemma 2.1 it follows now that there exist N2, ν2 > 0 such that
u(t) N2eν2(t−t0)u(t0), for all t  t0  0,
which is equivalent with∥∥Φ(t,0)x∥∥  N2eν2(t−t0)∥∥Φ(t0,0)x∥∥ , for all t  t0  0.t t0
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δ2
2
· ‖Φ(t0,0)x‖t0‖Φ(t0 + δ,0)x‖t0+δ
=
t0+δ∫
t0
(t0 + δ − s) ‖Φ(t0,0)x‖t0‖Φ(t0 + δ,0)x‖t0+δ
ds
 e2ω(K L + 1)
t0+δ∫
t0
(t0 + δ − s) ‖Φ(s,0)x‖s‖Φ(t0 + δ,0)x‖t0+δ
ds e2ω(K L + 1)‖z‖q · δ1−
1
q
 e2ω(K L + 1)δ1− 1q K‖g‖′p 
(
e2ω(K L + 1))2δ2− 1q K .
Therefore
δ2
2
· ‖Φ(t0,0)x‖t0‖Φ(t0 + δ,0)x‖t0+δ

(
e2ω(K L + 1))2Kδ2− 1q ,
or equivalently∥∥Φ(t0 + δ,0)x∥∥t0+δ  12e4ω(K L + 1)2K δ
1
q
∥∥Φ(t0,0)x∥∥t0 ,
for all t0  0.
Since q < ∞ we have that
lim
δ→∞
1
2e4ω(K L + 1)2K δ
1
q = ∞,
which implies that there exists δ0 > 0 such that∥∥Φ(t0 + δ0,0)x∥∥t0+δ0  2∥∥Φ(t0,0)x∥∥t0 , for all t0  0.
As in the previous case, we use now Lemma 2.1 to get that there exist N2, ν2 > 0 such that∥∥Φ(t,0)x∥∥t  N2eν2(t−t0)∥∥Φ(t0,0)x∥∥t0 , for all t  t0  0.
We will show now that Xq2(t0) is a closed subspace. Taking z ∈ Xq2(t0) we have that there exists xn ∈ Xq2(t0) such that
xn → z.
Taking into account that xn = Φ(t0,0)un (with un ∈ Xq2(0)) we have that
‖xn − xm‖ =
∥∥Φ(t0,0)(un − um)∥∥ 1
M(t0)
∥∥Φ(t0,0)(un − um)∥∥t0  1M(t0)
∥∥Φ(t0,0)(un − um)∥∥t0
 1
M(t0)
N2e
ν2t0‖un − um‖0  1
M(t0)
N2e
ν2t0‖un − um‖.
Since (xn)n is a Cauchy sequence in X
q
2(t0) we have that (un)n is also a Cauchy sequence in X
q
2(0). Therefore un → u ∈
Xq2(0), which implies that Φ(t0,0)un → Φ(t0,0)u ∈ Xq2(t0).
Thus we obtain that z = Φ(t0,0)u ∈ Xq2(t0), which shows that Xq2(t0) is a closed subspace.
Let now w ∈ Xq2(t0). Then there exists x ∈ Xq2(0) such that w = Φ(t0,0)x and therefore∥∥Φ(t, t0)w∥∥t = ∥∥Φ(t,0)x∥∥t  N2eν2(t−t0)∥∥Φ(t0,0)x∥∥t0 = N2eν2(t−t0)‖w‖t0 ,
for all t  t0  0 and w ∈ Xq2(t0).
Thus, we get that∥∥Φ(t, t0)w∥∥t  N2eν2(t−t0)‖w‖t0 , for all t  t0  0 and w ∈ Xq2(t0). (8′)
Let t0  0, x ∈ Xq1(t0) and h(t) = ϕ[t0,t0+1](t)Φ(t, t0)x. Then∥∥h(t)∥∥t = ϕ[t0,t0+1](t)∥∥Φ(t, t0)x∥∥t  eωϕ[t0,t0+1](t)‖x‖t0 ,
which shows that h ∈ Lp(X) and ‖h‖′p  eω‖x‖t0 .
We denote by
u(t) =
t∫
Φ(t, τ )h(τ )dτ =
t∫
ϕ[t0,t0+1](τ )dτ · Φ(t, t0)x =
{
Φ(t, t0)x, t  t0 + 1,
(t − t0)Φ(t, t0), t ∈ [t0, t0 + 1),
0, t < t0.0 0
C. Preda et al. / J. Math. Anal. Appl. 388 (2012) 1090–1106 1099Then u ∈ Lq(X) and u(0) = 0 ∈ Xq2(0).
By Lemma 3.1 we have now that∥∥u(t)∥∥t  eω(K L + 1)‖h‖′p  e2ω(K L + 1)‖x‖t0 ,
for all t  t0  0.
If t  t0 + 1, then by the above inequality we have that∥∥Φ(t, t0)x∥∥t  e2ω(K L + 1)‖x‖t0 .
If t ∈ [t0, t0 + 1) it results that∥∥Φ(t, t0)x∥∥t  eω‖x‖t0 .
Setting L′ = e2ω(K L + 1) > 0 we have that∥∥Φ(t, t0)x∥∥t  L′‖x‖t0 ,
for all t  t0  0 and x ∈ Xq1(t0).
We take now t0  0, δ > 0, x ∈ Xq1(t0) and we set
v(t) = ϕ[t0,t0+δ](t)Φ(t, t0)x.
It follows that∥∥v(t)∥∥t = ϕ[t0,t0+δ](t)∥∥Φ(t, t0)x∥∥t  ϕ[t0,t0+δ](t)L′‖x‖t0 .
Thus v ∈ Lp(X), ‖v‖′p  δ
1
p L′‖x‖t0 and
w(t) =
t∫
0
Φ(t, τ )v(τ )dτ =
t∫
0
ϕ[t0,t0+δ](τ ) · Φ(t, t0)x =
{
δ · Φ(t, t0)x, t  t0 + δ,
(t − t0)Φ(t, t0)x, t ∈ [t0, t0 + δ),
0, t < t0.
Then we get that w ∈ Lq(X) and w(0) = 0 ∈ Xq2(0). By Lemma 3.1 it follows that∥∥w(t)∥∥t  eω(K L + 1)‖v‖′p  eω(K L + 1)L′δ 1p ‖x‖t0 ,
for all t  t0  0.
If t = t0 + δ we get that
δ
∥∥Φ(t0 + δ, t0)x∥∥t0+δ  eω(K L + 1)L′δ 1p ‖x‖t0 ,
for all t0  0 and x ∈ Xq1(t0), or equivalently∥∥Φ(t0 + δ, t0)x∥∥t0+δ  eω(K L + 1)L′δ 1p −1‖x‖t0 ,
for all t0  0 and x ∈ Xq1(t0).
We have again two cases:
1. If p > 1 we have that
lim
δ→∞ e
ω(K L + 1)L′δ 1p −1 = 0,
and therefore there exists δ0 > 0 such that∥∥Φ(t0 + δ0, t0)x∥∥t0+δ0  12‖x‖t0 ,
for all t0  0 and x ∈ Xq1(t0).
Thus∥∥Φ(t + δ0, t)x∥∥t+δ0  12‖x‖t , for all t  0 and x ∈ Xq1(t0). (∗∗)
Let now w1(t) = ‖Φ(t, t0)x‖t , with t  t0. By using (∗∗) we obtain that
w1(t + δ0) =
∥∥Φ(t + δ0, t0)x∥∥t+δ0 = 12
∥∥Φ(t, t0)x∥∥t = 12w1(t), for all t  0
and
w1(s) =
∥∥Φ(s, t0)x∥∥  L′∥∥Φ(t, t0)x∥∥ = L′w1(t), for all s 0 and t ∈ [s, s + δ0].s t
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w1(t) N1e−ν1(t−t0)w1(t0), for all t  t0  0,
or equivalently∥∥Φ(t, t0)x∥∥t  N1e−ν1(t−t0)‖x‖t0 , for all t  t0  0 and x ∈ Xq1(t0). (9)
2. If p = 1 we get that
δ2
2
∥∥Φ(t0 + δ, t0)x∥∥t0+δ =
t0+δ∫
t0
(s − t0)
∥∥Φ(t0 + δ, t0)x∥∥t0+δ ds L′
t0+δ∫
t0
(s − t0)
∥∥Φ(s, t0)x∥∥s ds
= L′
t0+δ∫
t0
∥∥w(s)∥∥s ds L′ · δ1− 1q ‖w‖q  L′ · δ1− 1q K‖v‖′p  (L′)2δ2− 1q ‖x‖t0 .
Therefore,∥∥Φ(t0 + δ, t0)x∥∥t0+δ  2(L′)2Kδ− 1q ‖x‖t0 , for all t0  0.
Since q < ∞ and
lim
δ→∞2
(
L′
)2
Kδ−
1
q = 0,
we get that there exists δ0 > 0 such that∥∥Φ(t0 + δ0, t0)x∥∥t0+δ0  12‖x‖t0 , for all t0  0 and x ∈ Xq1(t0).
By using again Lemma 2.2, we obtain that there exist N1, ν1 > 0 such that∥∥Φ(t, t0)x∥∥t  N1e−ν1(t−t0)‖x‖t0 , for all t  t0  0 and x ∈ Xq1(t0). (9′)
By using (8′), (9) and (9′) we obtain that the (nonuniform) evolution family {Φ(t, t0)}tt00 is exponentially dichotomic.
We can easily see that Xq1(t0) is a closed subspace. Indeed, if we take w ∈ Xq1(t0), we get that there exists a sequence
xn ∈ Xq1(t0) such that xn → w . Thus∥∥Φ(t, t0)xn∥∥t  N1e−ν1(t−t0)‖xn‖t0 , for all t  t0  0 and n ∈ N.
Passing to the limit (i.e. n → ∞) in the inequality above, it results that∥∥Φ(t, t0)w∥∥t  N1e−ν1(t−t0)‖w‖t0 , for all t  t0  0.
Therefore
∫∞
t0
‖Φ(t, t0)x‖qt dt < ∞, i.e. Φ(·, t0) ∈ Lq(X) which implies that w ∈ Xq1(t0).
We will show now that X = Xq1(t0) ⊕ X2(t0), for all t0  0, where Xq2(t0) = Φ(t0,0)Xq2(0).
Taking x ∈ X , t0  0, and setting
f1(t) = −ϕ[t0,t0+1](t)Φ(t, t0)z
we have that ‖ f1(t)‖t  eω‖z‖t0ϕ[t0,t0+1](t), which shows that f1 ∈ Lp(X).
Therefore there exists a unique x ∈ Xq2(0) such that
x f (t) = Φ(t,0)x+
t∫
t0
Φ(t, τ ) f1(τ )dτ , for all t  t0  0.
From here we get that
x f (t) = Φ(t, t0)
(
Φ(t0,0)x− z
) ∈ Lq(X),
for all t  t0 + 1 and thus Φ(t0,0)x− z ∈ Xq1(t0).
Since
z = z − Φ(t0,0)x+ Φ(t0,0)x ∈ Xq1(t0) + Xq2(t0), for all t0  0,
we have that
X = Xq(t0) + Xq(t0), for all t0  0.1 2
C. Preda et al. / J. Math. Anal. Appl. 388 (2012) 1090–1106 1101We take now w ∈ Xq1(t0) ∩ Xq2(t0). It results that there exists u ∈ Xq2(0) such that w = Φ(t0,0)u. From here we get that
Φ(t, t0)w = Φ(t,0)u, for all t  t0  0, which shows that u ∈ Xq1(0) ∩ Xq2(0) = {0}.
Therefore, it results that Xq1(t0) ∩ Xq2(t0) = {0} and we now have that X = Xq1(t0) ⊕ Xq2(t0), for all t0  0.
We denote now X∞1 (t0) = X1(t0) and we will show in the next that Xq1(t0) = X∞1 (t0).
Taking x ∈ Xq1(t0) we get that∥∥Φ(t, t0)x∥∥t  N1e−ν1(t−t0)‖x‖t0 , for all t  t0  0.
Thus we have that x ∈ X1(t0), which shows that
Xq1(t0) ⊂ X1(t0). (10)
Choosing randomly x ∈ X1(t0), x = x1 + x2, where x1 ∈ Xq1(t0) and x2 ∈ Xq2(t0), x2 	= 0 we have that∥∥Φ(t, t0)x∥∥t  ∥∥Φ(t, t0)x2∥∥t − ∥∥Φ(t, t0)x1∥∥t  N2eν2(t−t0)‖x2‖t0 − N1e−ν1(t−t0)‖x1‖t0 → ∞, as t → ∞.
Therefore x /∈ X1(t0), and from here the contradiction.
Then x2 = 0 and x = x1 ∈ Xq1(t0), which shows that
X1(t0) ⊂ Xq1(t0). (11)
We will show below that Φ(t, t0) : X
q
2(t0) → Xq2(t) is invertible.
For this reason, we take x ∈ Xq2(t), t  t0  0 and we set f (s) = −ϕ[t,t+1](s)Φ(s, t)x.
Therefore ‖ f (s)‖s  eω‖x‖tϕ[t,t+1](s), which implies that f ∈ Lp(X).
It results that there exists a unique y ∈ Xq2(0) such that
x f (s) = Φ(s,0)y +
s∫
t
Φ(s, τ ) f (τ )dτ = Φ(s,0)y − Φ(s, t)x,
for all s t + 1, x f (·) ∈ Lq(X). Thus
x f (s) = Φ(s, t)
(
Φ(t,0)y − x)= Φ(s, t)(Φ(t, t0)Φ(t0,0)y − x),
for all s t + 1. Thus we get that
Φ(t, t0)Φ(t0,0)y − x ∈ Xq1(t) ∩ Xq2(t) = {0}.
It results that Φ(t, t0)Φ(t0,0)y = x and therefore Φ(t, t0) : Xq2(t0) → Xq2(t) is invertible.
The only thing that we have to prove now is that
t → ∥∥Pq1(t)∥∥t :R+ → R+ is bounded.
Taking x1 ∈ Xq1(t0), with ‖x1‖t0 = 1, x2 ∈ Xq2(t0), with ‖x2‖t0 = 1 and x = x1 + x2, we have that∥∥Φ(t, t0)x∥∥t  eω(t−t0)‖x‖t0 ,
for all t  t0  0.
It follows that
‖x‖t0  e−ω(t−t0)
∥∥Φ(t, t0)x∥∥t = e−ω(t−t0)∥∥Φ(t, t0)x1 + Φ(t, t0)x2∥∥t
 e−ω(t−t0)
(∥∥Φ(t, t0)x2∥∥t − ∥∥Φ(t, t0)x1∥∥t) e−ω(t−t0)(N2eν2(t−t0) − N1e−ν1(t−t0)).
Setting t − t0 = δ in the above inequality we get that
‖x‖t0  e−ωδ
(
N2e
ν2δ − N1e−ν1δ
)
.
Since N2eν2δ − N1e−ν1δ → ∞, while δ → ∞, we have that there exists δ0 > 0 such that ‖x‖t0  2e−ωδ0 , for all t0  0.
If we denote 2e−ωδ0 = γ0 > 0 we get that ‖x‖t0  γ0, for all t0  0. It follows that γ [X1(t0), X2(t0)] γ0 and furthermore
γ0 
2
‖Pq1(t0)‖t0
, for all t0  0,
or equivalently∥∥Pq1(t0)∥∥t0  2γ0 , for all t0  0.
Using a similar argument we can show that ‖Pq2(t0)‖t0  2γ0 , for all t0  0. 
1102 C. Preda et al. / J. Math. Anal. Appl. 388 (2012) 1090–1106Remark 3.2. Let {Φ(t, t0)}tt00 be a uniform exponentially bounded, strongly continuous evolution family. Then
Lp(X) = { f :R+ → X: Lebesgue-measurable,‖ f ‖(t) = ∥∥ f (t)∥∥,‖ f ‖ ∈ Lp}.
Proof. Taking into account that∥∥ f (t)∥∥ ∥∥ f (t)∥∥t  M∥∥ f (t)∥∥, for all t ∈ R+
we obtain that g(t) = ‖ f (t)‖t , g :R+ → R+ ,
g ∈ Lp or equivalently ‖ f ‖ ∈ Lp, 1 p ∞
and
‖ f ‖p  ‖ f ‖′p  M‖ f ‖p, for all f ∈ Lp(X). 
Deﬁnition 3.2. Let {Φ(t, t0)}tt00 be a (non)uniform exponentially bounded, strongly continuous evolution family. We say
that {Φ(t, t0)}tt00 is hyperbolic if there exists a projector-valued function P :R+ → B(X) such that the function t → P (t)x
is continuous and bounded for each x ∈ X and there exist N1,N2  1 and ν > 0 such that
• P (t)Φ(t, t0) = Φ(t, t0)P (t);
• Φ(t, t0) is invertible as an operator from Im(I − P (t0)) to Im(I − P (t));
• ‖Φ(t, t0)P (t0)x‖ N1e−ν(t−t0)‖P (t0)x‖, for all t  t0  0 and x ∈ X ;
• ‖Φ(t, t0)(I − P (t0))x‖ N2eν(t−t0)‖(I − P (t0))x‖, for all t  t0  0 and x ∈ X .
Theorem 3.3. Let {Φ(t, t0)}tt00 be a (non)uniform exponentially bounded, strongly continuous evolution family. Then
{Φ(t, t0)}tt00 is hyperbolic if and only if Xq1(0) is closed and admits a direct complement, and the pair (Lp(X), Lq(X)) is ad-
missible to the process Φ with (p,q) 	= (1,∞), 1 p  q∞.
Proof. Necessity. Let f ∈ Lp(X) and
y(t) =
t∫
0
Φ(t, τ )P (τ ) f (τ ) −
∞∫
t
Φ−1(τ , t)Q (τ ) f (τ )dτ ,
where Q (t) = I − P (t). Then we have that
y(0) = −
∞∫
0
Φ−1(τ ,0)Q (τ ) f (τ )dτ
and
Φ(t,0)y(0) = −
t∫
0
Φ(t,0)Φ−1(τ ,0)Q (τ ) f (τ ) −
∞∫
t
Φ(t,0)Φ−1(τ ,0)Q (τ ) f (τ )dτ
= −
t∫
0
Φ(t, τ )Q (τ ) f (τ )dτ −
∞∫
t
Φ(t,0)
(
Φ(τ , t)Φ(t,0)
)−1
Q (τ ) f (τ )dτ
= −
t∫
0
Φ(t, τ )Q (τ ) f (τ )dτ −
∞∫
t
Φ−1(τ , t)Q (τ ) f (τ )dτ
= −
t∫
0
Φ(t, τ ) f (τ )dτ +
t∫
0
Φ(t, τ )P (τ ) f (τ )dτ −
∞∫
t
Φ−1(τ , t)Q (τ ) f (τ )dτ .
Therefore
Φ(t,0)y(0) +
t∫
0
Φ(t, τ ) f (τ )dτ = y(t) = x f (t).
Taking into account that
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t∫
0
e−ν(t−τ )
∥∥P (τ )∥∥∥∥ f (τ )∥∥dτ + 1
N2
∞∫
t
e−ν(τ−t)
∥∥Q (τ )∥∥∥∥ f (τ )∥∥dτ
 N1 sup
t0
∥∥P (t)∥∥
t∫
0
e−ν(t−τ )
∥∥ f (τ )∥∥dτ + 1
N2
sup
t0
∥∥Q (t)∥∥
∞∫
t
e−ν(τ−t)
∥∥ f (τ )∥∥dτ ,
it follows by [15, Theorem 6.4, p. 477] that x f belongs to Lq(X), with p  q.
Suﬃciency. From Theorem 3.2 it results that the evolution family {Φ(t, t0)}tt00 is exponentially dichotomic and the
family of projectors {P (t)}t0 is bounded. The continuity of the function t → P (t)x follows easily by using a similar argu-
ment with the one from [43], Lemma 4.2(b), (c). Therefore {Φ(t, t0)}tt00 is hyperbolic. 
We analyze in the next the case (p,q) = (1,∞).
Proposition 3.2. Let {Φ(t, t0)}tt00 be a (non)uniform exponentially bounded, strongly continuous evolution family. If the pair
(L1(X), L∞(X)) is admissible to {Φ(t, t0)}tt00 , X1(0) is complemented, then X1(t0) = X∞1 (t0) is closed and admits a direct com-
plement X2(t0) = Φ(t0,0)X2(0), for all t0  0. Moreover Φ(t, t0) : X2(t0) → X2(t) is invertible and there exist constants N1,N2 > 0
such that∥∥Φ(t, t0)x∥∥t  N1‖x‖t0 , for all x ∈ X1(t0) and t  t0  0;∥∥Φ(t, t0)x∥∥t  N2‖x‖t0 , for all x ∈ X2(t0) and t  t0  0.
Proof. Let x ∈ X2(0) − {0} and t0  0. Setting
f (t) = ϕ[t0,t0+1](t)
Φ(t,0)x
‖Φ(t,0)x‖t
it results that f ∈ L1(X) and ‖ f ‖′1 = 1.
We consider now
y(t) = −
∞∫
t
ϕ[t0,t0+1](τ )
dτ
‖Φ(τ ,0)x‖τ · Φ(t,0)x
= Φ(t,0)
(
−
∞∫
0
ϕ[t0,t0+1](τ )
dτ
‖Φ(τ ,0)x‖τ · x
)
+
t∫
0
Φ(t, τ ) f (τ )dτ = 0,
for all t  t0 + 1.
Thus y ∈ L∞(X) and by Lemma 3.1 we obtain that∥∥y(t)∥∥t  eω(K L + 1)‖ f ‖′1 = eω(K L + 1), for all t  0.
If t  t0 we have that
∥∥y(t)∥∥=
t0+1∫
t0
dτ
‖Φ(τ ,0)x‖τ ·
∥∥Φ(t,0)x∥∥t  eω(K L + 1).
Taking into account that∥∥Φ(τ ,0)x∥∥
τ
= ∥∥Φ(τ , t0)Φ(t0,0)x∥∥τ  eω∥∥Φ(t0,0)x∥∥t0 ,
it follows that
1
eω
∥∥Φ(t0,0)x∥∥t0 
t0+1∫
t0
dτ
‖Φ(τ ,0)x‖τ .
Therefore
1
eω‖Φ(t ,0)x‖ ·
∥∥Φ(t,0)x∥∥t  eω(K L + 1),0 t0
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∥∥Φ(t0,0)x∥∥t0 , for all t  t0.
Setting N2 = 1eω(K L+1) > 0 in the above inequality, we obtain that∥∥Φ(t,0)x∥∥t  N2∥∥Φ(t0,0)x∥∥t0 , for all t  t0  0.
We show now that X2(t0) = Φ(t0,0)X2(0) is a closed subspace.
Taking x ∈ X2(t0) we have that there exists a sequence (xn) ∈ X2(0) such that Φ(t0,0)xn → x.
It follows that∥∥Φ(t0,0)xn − Φ(t0,0)xm∥∥t0 = ∥∥Φ(t0,0)(xm − xn)∥∥t0  N2‖xn − xm‖0  N2M(0)‖xn − xm‖ → 0.
Since X2(0) is a Banach space we obtain that xn → u ∈ X2(0), which implies that
Φ(t0,0)xn → Φ(t0,0)u = x ∈ X2(t0),
and therefore x ∈ X2(t0).
Thus, X2(t0) = X2(t0).
Let now z ∈ X2(t0). Then there exists u ∈ X2(0) so that z = Φ(t0,0)u. We have that∥∥Φ(t, t0)z∥∥t = ∥∥Φ(t, t0)Φ(t0,0)u∥∥t = ∥∥Φ(t,0)u∥∥t  N2‖z‖t0 , for all t  t0  0.
It follows that∥∥Φ(t, t0)z∥∥t  N2‖z‖t0 , for all t  t0  0 and z ∈ X2(t0).
Let now t0  0, x ∈ X1(t0) and g(t) = ϕ[t0,t0+1](t)Φ(t, t0)x.
Since∥∥g(t)∥∥t  eω‖x‖t0ϕ[t0,t0+1](t)
it follows that g ∈ L1(X) and ‖g‖′1  eω‖x‖t0 .
Set now
z(t) =
t∫
0
Φ(t, τ )g(τ )dτ =
t∫
t0
ϕ[t0,t0+1](τ )dτ · Φ(t, t0)x, for all t > t0.
If t  t0 + 1 we have that z(t) = Φ(t, t0)x, which implies that z ∈ L∞(X) and z(0) = 0 ∈ X2(0).
By Lemma 3.1 it results that∥∥z(t)∥∥t  eω(K L + 1)‖g‖′1  e2ω(K L + 1)‖x‖t0 , for all t  t0 + 1,
or equivalently∥∥Φ(t, t0)x∥∥t  e2ω(K L + 1)‖x‖t0 , for all t  t0 + 1.
If t ∈ [t0, t0 + 1) it follows that∥∥Φ(t, t0)x∥∥t  eω‖x‖t0 .
Therefore∥∥Φ(t, t0)x∥∥t  N1‖x‖t0 , for all t  t0  0 and x ∈ X1(t0),
where N1 = e2ω(K L + 1) > 0.
To show that X1(t0) is a closed subspace we choose randomly y ∈ X1(t0) and we have that there exists a sequence
(yn) ∈ X1(t0), such that yn → y and from here we get that Φ(·, t0)yn → Φ(·, t0)y.
Since∥∥Φ(t, t0)yn∥∥t  N1‖yn‖t0 , for all t  t0  0 and n ∈ N.
We obtain, by passing to the limit (i.e. n → ∞), that∥∥Φ(t, t0)y∥∥t  N1‖y‖t0 , for all t  t0  0.
Taking into account that Φ(·, t0)y ∈ L∞(X), we get that y ∈ X1(t0).
Therefore X1(t0) = X1(t0).
We show now that X = X1(t0) ⊕ X2(t0), for all t0  0.
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and from here we get that f ∈ L1(X) and ‖ f ‖′1  eω‖z‖t0 .
Therefore there exists a unique x ∈ X2(0) such that
x f (t) = Φ(t,0)x+
t∫
0
Φ(t, τ ) f (τ )dτ
belongs to L∞ .
Since
x f (t) = Φ(t,0)x+
t∫
t0
Φ(t, τ ) f (τ )dτ , for all t  t0
and
x f (t) = Φ(t, t0)Φ(t0,0)x− Φ(t, t0)z, for all t  t0 + 1,
we get that
x f (t) = Φ(t, t0)
(
Φ(t0,0)x− z
)
belongs to L∞(X), for all t  t0 + 1.
Therefore Φ(t0,0)x− z ∈ X1(t0).
Taking into account that z = z − Φ(t0,0)x+ Φ(t0,0)x ∈ X1(t0) + X2(t0) it follows that
X = X1(t0) + X2(t0), for all t0  0.
Choose now w ∈ X1(t0) ∩ X2(t0). Then there exists u ∈ X2(0) such that w = Φ(t0,0)u.
Since w ∈ X1(t0), we have that Φ(t, t0)w = Φ(t,0)u, for all t  t0. Thus, u ∈ X1(0).
Therefore u ∈ X1(0) ∩ X2(0) = {0}, which implies u = 0 and thus w = 0.
We show now that Φ(t, t0) : X2(t0) → X2(t) is invertible.
Setting u ∈ X2(t) and v(s) = −ϕ[t0,t0+1](s)Φ(s, t)u, we have that v ∈ L1(X).
Then there exists a unique x ∈ X2(0) such that
xv(s) = Φ(s,0)x+
s∫
0
Φ(s, τ )v(τ )dτ = Φ(s,0)x−
s∫
0
ϕ{[t0,t0+1]}(τ )dτ Φ(s, t)z
belongs to L∞(X), xv (0) = x.
If s t , we have that
xv(s) = Φ(s, t)Φ(t,0)x− Φ(s, t)u = Φ(s, t)
(
Φ(t,0)x− u)
belongs to L∞(X).
ThenΦ(t,0)x− u ∈ X1(t) ∩ X2(t) = {0}, and therefore Φ(t, t0)Φ(t0,0)x = u, i.e. Φ(t, t0) is surjective.
Since Φ(t, t0) is also one-to-one, we obtain that Φ(t, t0) : X2(t0) → X2(t) is invertible. 
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